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Abstract
With the current interest in nanomaterials it is nice to have an experiment where students can
experience nanomaterials themselves.  A basic procedure in nanotechnology is determining the
size of nanocrystalline materials and there are several x-ray diffraction-based methods available
for this.  One, the Williamson-Hall technique, is a straight-forward implementation of the Scherrer
size where broadening due to strain can also be taken into account.  This paper presents an
experiment that utilizes the Williamson-Hall technique.  The data collection is fairly routine and
the data analysis is just challenging enough to make it interesting for the students.  Data from this
experiment will also be available for downloading, for those who don't have access to a
diffractometer, a spreadsheets-based tutorial has also be developed based on this experiment.
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x-ray diffraction, crystallite size, size distribution, characteristic averages, microstrain,
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Prerequisite Knowledge: 
Basics of x-ray powder diffraction

Objective: 
The single objective of this experiment is to measure the crystallite size and the amount of
microstrain in the samples provided.

Equipment and Materials: 
X-ray powder diffractometer, samples of nanopowders, a line width standard such as LaB6, a
spreadsheet program such as Microsoft Excel or Corel Quattro Pro.

Introduction: 
Phase identification using x-ray diffraction relies mainly on the positions of the peaks in a
diffraction profile and to some extent on the relative intensities of these peaks.  The shapes of the
peaks, however, contain additional and often valuable information.  For instance, the width of
the peaks increases as the size of the crystalline domains (crystallites) that diffract the x-rays
decreases.  In addition, the whole shape of the diffraction peaks can be analyzed, using Fourier
techniques, to obtain the distribution of crystallite sizes.  Finally, microstrain, short range lattice



strains caused by crystalline defects (not macroscopic stresses) also causes peak broadening such
as that shown in figure 1.  X-ray diffraction can be used to measure all three, but the fact that
microstrain and crystallite size both lead to peak broadening means that either both size and
strain must somehow be measured, or a way to eliminate the effect of one or the other must be
found.  

In this experiment both crystallite size and microstrain are measured using x-ray powder
diffraction.  It is derived from the one described in Suryanarayana and Norton‘s book [1] and the
specific technique, called the Williamson-Hall method [2], has many applications in nano-
technology, including characterizing nano-powders such as those shown in figure 2 and studying
crystallization in glasses.

Background: 
1. Characteristic Averages
The single value of a crystallite size obtained in this experiment is actually a characteristic
average value representing a distribution of sizes.  In any distribution there are a number of
characteristic averages. [3]  The arithmetic and geometric means are familiar examples, but there
are also many others.  The two that are relevant in this case are the area-weighted average
<D>area, where D is the crystallite diameter, and the volume-weighted average <D>vol.  The
more familiar arithmetic average would be written as <D>num.

Figure 1. This figure compares the powder diffraction patterns of micro- and nano-crystalline nickel.  The FWHM
widths of the peaks for the nano-crystalline nickel are 10 times greater than for the micro-crystalline powder.  The
peaks are only one-tenth as high, but the differences in peak areas, measures of the total energy of diffraction, are
much closer, only 20-40%.



Figure 2. Transmission electron microscope images of four nanopowders.  Note the range of sizes and different shapes of particles.
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Figure 3. The final log-normal distributions based on the analysis of three leaks in the anatase pattern.

(1)

In this experiment, the size measured is not a simple diameter or similarly convenient size. 
Rather, it is an average column length <L>, which is similar to an average chord length for a
circle, but in this case it is the average length of a line, parallel to the diffracting plane, passing
through a 3-dimensional object.  The Scherrer method yields the volume-weighted column
length <L>vol.   Assuming spherical crystallites (see figure 1) the volume-weighted crystallite
diameter can be estimated using the equation:

Figure 3 shows the results of measurements of crystallite size in which the Scherrer sizes <D>vol
and Warren-Averbach (a Fourier-based method) sizes <D>area for three different reflections are
shown on the same distribution.  A log-normal distribution was assumed and these two measured
characteristic averages made it possible to determine the median values and the arithmetic
averages and to plot the log-normal distribution.  Please note that it wasn’t so much the actual
values of <D>vol and <D>area that determined the mean and median values, but rather it was the
differences between them.

2. Peak Broadening
Upon close examination of a powder diffraction pattern, such as the one shown in figure 1, one
should notice that as 22 increases the peaks become broader.  There are a number of reasons for
this, including the focusing of the x-rays onto the sample, the angular aperture of the detector,
the nature of the sample itself, and of course the nonlinear relationship between d-spacing and
22.  While one could attempt to account for each of these and many other factors and model the
whole system, it is generally sufficient to fit the data to an empirical equation.  Second order
polynomials can be used to represent this trend, but often the following equation is often used to
characterize this broadening for Cauchy profiles



(4)
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while for Gaussian profiles the equation is

In both cases u, v, and w are constants determined by fitting the widths of peaks from a line-
width standard such as lanthanum hexaboride (LaB6) to this equation.  LaB6 has the narrowest
peaks of any material and for all practical purposes one can consider all measured peak
broadening as being due to instrumental factors.  Figure 4 shows a plot of FWHM peak width as
a function of 22 for three different materials.  Note that LaB6 has the narrowest peaks of the
three.

Once the instrumental broadening Binst of a diffractometer has been determined one can extract
the pure sample broadening Bsize+strain from the measured sample broadening Bobs.  For the Cauchy
profile 

while for the Gaussian profile

(2)

(3)

Figure 4. FWHM peak width as a function of diffraction angle for three different samples.
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3. Scherrer Crystallite Size
The Scherrer equation:

offers a simple relationship between crystallite size and peak broadening.  Here 8 is the
wavelength of the x-ray, Bsize is the width (in radians) of the peak due to size effects, K is a
constant whose value is approximately 0.9, and 2B is the Bragg angle.  This equation represents
broadening that is due to the finite size of the crystal where for very small crystals the intensity
of x-rays at close to, but not exactly, the Bragg condition is not zero [4].

4. Microstrain
Microstrain is due to imperfections within the crystalline lattice, including vacancies,
dislocations, stacking faults, and others.  The 22-dependence of microstrain on peak broadening
is 

where 0 is the strain.  Note that this 22 dependence is different than that given in the Scherrer
equation and this is what allows us to separate the effects of strain and size on peak broadening.

5. Separating Crystallite Size and Microstrain
The pure sample broadening contains both strain and size broadening and is simply the sum

Substitution of equations 6 and 7 gives 

and multiplying through by cos 2 gives

which is of the form y=b+mx where 0 would be the slope of a line on a sin 2 - Bsize+strain cos 2
plot.  Once the value of 0 is known then Bstrain and can be determined and also <L>vol.

FWHM is the simplest and easiest to interpret measure of peak width, but a second measure of peak width, integral
breadth, is also widely used and is preferred in this type of work.  Integral breadth is simply the area under the peak
(above background) divided by the peak height.  One can visualize this as a rectangle that is as high has the peak.
The use of FWHM, compared to integral breadth, tends to overestimate the crystallite size.
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Procedure: 
The procedure for this experiment begins by obtaining printouts of the powder diffraction files
for the specimens that will be analyzed and, optionally, for the line width standard.  These
printouts help guide the selection of data collection parameters and to check the accuracy of the
data.

Next, students download an ASCII text file that contains the peak listing for the line-width
standard.  This data is imported into a spreadsheet, plotted, and the data is fit to a second order
polynomial or to an equation such as equation 2.  This equation is used later to remove
instrumental broadening from the diffraction pattern for the nanopowder.

The first scan is a quick preliminary one that allows the students to see the whole pattern and,
based on the counting statistics (looks like noise in the pattern) observed, can then select a
slower scan rate that will yield a high-quality diffraction pattern for a scan that will be completed
during the allotted class time.  It also lets them see how wide the peaks are so that they can set up
an economical multi-step scan that skips the regions between the peaks.

Basic processing of the diffraction pattern involves stripping the background counts but not
stripping the k"2 peaks.  The profile fitting program is then run on each peak.  The Cauchy
(Lorentzian) profile is used and fitting includes the k"2 peaks.  The results are stored and
exported as an ASCII text file.

The final analysis involves importing the file that contains the peak listing into a spreadsheet,
calculating the integral breadth for each peak then extracting the pure sample broadening
Bsize+strain from the measured peak profiles.  These results are plotted as sin 2 - Bsize+strain cos 2 and
the trend line, or a regression analysis, returns the slope and intercept which yield the Scherrer
crystallite size and microstrain.

Results:
In this example the sample analyzed was nanocrystalline nickel provided by Doug Carpenter at
Quantum Sphere, Inc. In Costa Mesa, CA.  Their specific surface area and thermogravimetric
analyses indicated that the particle size was 9 nm.  

The diffraction pattern for this powder is shown in figure 1.  Also shown is the diffraction
pattern for 2-3 :m nickel powder.  The relatively high background levels (500 cps when 50 cps
is normal for this instrument) in both cases are due to absorption and secondary fluorescence due
to the use of a copper x-ray tube.  The striking difference in the peak widths are due to the
differences in crystallite size and microstrain.  The differences in peak heights are not as
significant as it might at first appear since the peaks areas are fairly close, within 20-40%.  Peak
area is a measure of the total energy of diffraction, and in this case the peaks for the
microcrystalline nickel are 10 times higher than the nanocrystalline nickel, but the peak widths
are about one-tenth that of the nanocrystalline powder.

Table 1 below shows the results of the analysis.  The shift in peak positions is likely due to the
low density of the powder which leads to errors due to the depth that x-rays penetrate the sample. 
The corrections shown in table 1 bring the peaks much closer to those listed in the powder



diffraction file.

Table 1. Comparison of peak positions to those listed in the PDF file (04-0850) for nickel.
PDF File Measured

Peak Reflection Position Relative
Intensity Position Relative

Intensity
Absorption
Corrected Difference

1 (111) 44.507 100 44.360 100.00 44.495 0.012
2 (200) 51.846 42 51.673 34.82 51.825 0.021
3 (220) 76.370 21 76.200 15.47 76.388 -0.018
4 (311) 92.944 20 92.725 14.71 92.919 0.025
5 (222) 98.446 7 98.187 4.63 98.379 0.067

Table 2 lists partial results from the peak list plus the calculated integral breadths while table 3
shows the results of instrumental broadening corrections.

Table 2. Peak data from the diffraction pattern

Peak 22
(degrees)

Maximum
Intensity

(cps)

Peak Area
(cps-degrees)

FWHM
(degrees)

Integral
Breadth
(degrees)

1 44.360 1366.4 3064.0 1.0463 2.242
2 51.673 475.8 1162.2 1.1398 2.443
3 76.200 211.4 530.5 1.1709 2.509
4 92.725 201.0 734.2 1.7041 3.652
5 98.187 63.3 259.6 1.9138 4.101

Table 3. Peak-width corrections (Cauchy profile).
Peak B0 (radians) Binst (radians) Br (radians)

1 0.03914 0.00150 0.03764
2 0.04263 0.00161 0.04102
3 0.04380 0.00211 0.04168
4 0.06375 0.00259 0.06116
5 0.07158 0.00278 0.06879

Table 4. Williamson-Hall analysis.
Peak sin(2) Brcos(2) Brcos(2), Fit Error

1 0.3775 0.0349 0.0351 -0.75%
2 0.4358 0.0369 0.0365 1.14%
3 0.6170 0.0328 0.0408 -24.37%
4 0.7237 0.0422 0.0433 -2.66%
5 0.7558 0.0450 0.0441 2.13%



Finally, table 4 and figure 5 shows the sin(2) - Brcos(2) results.  A regression analysis of the data
in figure 5 and table 4 yielded the following:

Slope: 2.37x10-2

Intercept: 2.62x10-2

R2: 0.963

From this the following results were obtained:

Crystallite size: 5 nm
Microstrain: 2.37x10-2

This size is about half of the already very small size reported by QSI.  At this point the students
should be thinking hard about what exactly they measured and what QSI measured.  The
Scherrer size is the volume-weighted average size, while QSI’s techniques were based on
specific area measurements.  One way to resolve this question is to actually see individual
particles.  TEM images of this powder showed that the particles are twinned but they are also not
spherical.  In fact, it appears that there is an aspect ratio of about 2.  The question now is, do
these results still make sense when it turns out the particles are not spherical?  Is the deviation
observed consistent with the actual shape of the particles.

Discussion:
Under the best conditions errors in determining the crystallite size are around 10%.  There are
many reasons for this, such as instrument alignment and characterization, the ability to
accurately measure peak heights and widths, and finally the sample itself.  (Peak height
measurements alone contribute 1% or more error.)  Crystallite shape will be the biggest factor in
the error in this technique.  The assumption of spherical crystallites is made for our convenience,
but as figure 2 shows that while nanocrystalline powders can be spherical, they can be plates,
needles, and ellipsoids. 

Figure 5. Williamson-Hall plot for the 9 nm nickel powder.



Other nanopowders have also been analyzed and have demonstrated that this technique does not
work for all, particularly those which are not reasonably close to spherical.  The classic material
for this type of experiment is filings of pure copper.  While the filings (particles) are not
spherical, the crystallites (subgrains) will be nearly so, and the strain will be considerable.

Conclusions:
This is an economical experiment that allows students to begin to explore the applications of x-
ray diffraction in the trendy and fundable world of nanomaterials.  The data collection procedure
itself is routine, but students must spend some time analyzing the data.  In the process they
confront issues of instrumental effects, the concepts of size distributions and characteristics
averages, the geometric aspect of particles, the difference between particle size and crystallite
size, and the ubiquitous assumption of spherical shape.  The data do not always lead to neat and
tidy results since the nanopartciles are not always spherical.  This brings another important
lesson to this materials characterization experiment, the importance of using complementary
techniques.  Without realizing it they were already utilizing the results of QSI’s analyses using
other techniques.  The one thing they find they need at the end of this experiment is a picture of
the powder.  A little time on the transmission electron microscope or a high-resolution scanning
electron microscope might help explain uncooperative results.

This experiment and sample data will be available online at

www.matsci.ucdavis.edu/matscilt/ems-162l/ems-162l

by the time of the workshop in October.   A SAMS module (Spreadsheet Applications for
Materials Science) on the topic of crystallite size, which includes this experiment, will be
available online at:

www.matsci.ucdavis.edu/meier/sams 

soon.
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